MATH 42
MIDTERM 2
20 MARCH 2015

Name: S oluikions

e The time limit is 50 minutes.

e No calculators or notes are permitted.

e Each problem is worth 5 points.
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(1) When the students in a classroom divide into groups of nine,
there are four students left over. When the students break
into groups of eleven, there is one student left over. Assuming
that there are fewer than 100 students in the room, how many
students must there be?

N =4wod9
n = | modll 0<M <9

n= U+ whene
Y+9l = lwod 1\
= Ol E"-sVV\DM\.

Need an invewe oP 9 wedudo [\
(W)
(9)
(2)=(-(9)
[1=(9)-4dlz] = (9)=H (1) +4(9)

=5(9)-4(1)
=5 5-9=| wodll.
Thwak =-3mod\\

(=) 594k =-573 mod W

(= W =-15 =7mdll.

e U9 (F + W) = H6T+ 9l

ie. N=6Fmod99,

T\/wu.wuléi‘ studodds | since < \00.




(2) What is the remainder when 10'% is divided by 197

gcdliog=t & 19 o prine, 50 by Fenmals Litte Hhesum:

\O\OO= |O9°' \0u>=__ (\O\3>S. \0\0

Method 1
0' = \0
10" = \00=5
4 =5'=5=2b
\0¥= 47=36=-2
=105 010"
-7:5 =-10
9 wmod\9

u uow

= 10%wod!9,

MWethod 2
Compute 10 tothen expone s
(in revene orden):
10, 5.4.2,1.
IO‘E (0
NERLER
10¥=25=6
105261026053
10°= 3 = Imodld

Uring ang wicthed, 10°°= 10°= 9 mod 19

o the rewmainder in

91

YVethod 3
Tk vault. by 10 FenRimen:
\10'= 10
|0t= 10025
=50z 11
104z (20 =6
105 360=7
\06s30= L

16tz 10218
\o8=\s0=\}
W02=170%18
10°=18029.



(3) (a) How many numbers between 1 and 1500 inclusive are rel-
atively prime to 1500 (that is, share no common factors
besides 1 with 1500)7
(b) Find the remainder when 1493%%°? is divided by 1500.

) @(is00)= (352559 = p(223-53)
= (4-D)(3-1)(125-25)
=|400].

by Ewens thm:
2001 =Zwiod @(1S00) and el (1493, 1500)
=qed (1500,7)=1
=) 1493 = 1493 md 1500,

Now obsave 1493 = (~3)wind SO0
0 1493 = (-3 = 49 mydl500.

The remainden o [49.




(4) Suppose that Bob’s RSA public key is (33, 13). Alice sends Bob
the cipher text ¢ = 8. What was Alice’s plain text?
(Recall that if s is Alice’s plain text, then she computes the

cipher text ¢ by computing the remainder when s'3 is divided
by 33.)

@(33) = (3= (3-1)-(l-) = 20

Deciphaing exponent: inverst oP 13 wmod20.

(20)
(\3)
(1= (20)-(13)

[61=()-[7] = 2:(3)20)
[0 =17]-[6] = 2(20)-3:(13).

So the invewe 15 =3, oo \7wm0d 20.

Therefswe Suct. squanng:

e'=8
s = cMwed33 2t bt =-1
= g'? 84z (-'=d
= - g3= (b

g% =256=58=-8
g zg% gz (-8)82-64 = Zmod33

So the secdk & [2],
Alt. solutor (w/CRT):
Solve seqancdely: sudl- 5q. mod [\ now., sinte
§ = gmid3 8's3 g :s%wﬁ
= §= 43 (Fewmd) 8's (4= 9 =Tmo
(1‘3 SS= 2%::'}3 h 8=zt it Polous by CRT4hek
= &4=36=3 .
ond 13z gm0 g% 23452 S=2madl33.
<=) S‘! SMO(DI\ (FWQH s0 SEZW\D&“.
=) $=87 modlh

(sinte 3.3= Iwde(W)

shey



(5) (a) Let p be an odd prime (i.e. a prime besides 2), and k be
a positive integer. Prove that if a® = 1 (mod p¥), then

either a =1 (mod p*) or a = —1 (mod p*).
(b) Find all integers a between 1 and 63 inclusive such that

a’> =1 (mod 64).

ol =1 W\OAPlt & (ar)a-) =0 moolp\‘

)
= p"|lan)(a-D.

Now, sine a+) 2 a-\ diPln by Z, and p>2, p can
divide & wist one of (a+)(a-), and X o aeladively
prime 4o the othen (since the only possible common e

fackor & P).
Theredow whitkever of a+lsa-l o divrs. by p o

in Back divis. by p. Hente
eitr P & Ptlla)
e et az=-)mdpt oy a=wedpt,
o dugred.
b) 64=2% and p=1 so post (a)deamtapply. Likein (a),
we vt have 64((&*\)((:-[)' but viow both G+l &a-l

will be even . At wosk one oy dvis. by 4, owever, s0 Por
g4 40 divide (a+lla-l), it & necemary (and suPgent) Pon

30 fo divide ona of a4l -l (sWee 7 will audowdvall,
divide +he ofhay).
Thowlsw at=(modb6d =) a=t!mod3l.

The possible a {11+ 63} ane I [, 31,33, and 63




(6) Let d(n) denote the number of divisors of n, including 1 and n.
For example:

d(10) = 4 (the divisors are 1,2,5,10)
d(17) = 2 (the divisors are 1,17)
d(24) = 8 (the divisors are 1,2,3,4,6,8,12,24)

You may assume the following fact: if ged(m,n) = 1, then
d(mn) = d(m)d(n) (I encourage you to try to prove it, but you
don’t need to do it now).

(a) Find a formula for d(p*), where p is prime and & > 1.

(b) Compute d(91000).
(c) Give a simple criterion to tell whether d(n) is even or odd.

a) The oqmb:mm (o.pt - o4 thee an ke P them.,
H(r}‘)= l<+|}
b) 91000 = 9 10*= 7.13-2%.5°

o d(91000) =d(#A(R) 4 (2Y) A(5*)
=4224H4

) Wwnu= prpftapft  (p.pa dikind prine)
then  A(n = (et)(e )+ (eg+l).

Henee Aln) & odd & every exponent €0 ir even
(=) n o a pafed squane.

Squoans have an odd nuwmon oD divisors,
VDN~ SGUANeA \naNe OV exvews wumber of divisons

Al soution: anydiviser d har @ parved” wfd, The only diviser
Hak oy ids own padua v T (1R ik ot infeya).
So i nant a squae Aln) & even (divisonare paiied up in copla)
bk P v rasquanethon Jv i 2ebt oven aftiuthin pairing-of,




(additional space for work)



