MATH 42
FINAL EXAM
11 MAY 2015

Name : SO|U.'hOV\.S

e The time limit is 3 hours.

e No calculators or notes are permitted.

e The last page is a multiplication table for arithmetic modulo
29, which will be useful for several problems. You may detach
it from the packet for ease of use if you wish.

1 /20 | 2 /; ?: /5
._4_—/5“ *5 /5- 6 - /5
7 _ /5| 8 " /5|9 /5
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| s




(1) Short answer questions. Each answer is worth 2 points. You
do not need to show any work. Several questions have mul-
tiple possible answers; you only need to give one.

(a) Compute the greatest common divisor of 77 and 91

91-11= “_L\ Answer: ?
-5 4 <P
U-2-1=0

(b) Find a perfect number (that is, a positive number which is
equal to the sum of all of its divisors, including 1 and itself).

Answer: 6 ( 0.160 /4 8, "l%, et ')

(c) Find an integer z such that 3z =4 (mod 7).

3 6 = |& =4 Answer: L (01 13,20 u'dﬁ)

(d) Find the smallest positive number of the form 15z + 39y,
where z and y are integers (positive or negative).

chUS ) 39) Answer: 3
:q(d(‘s, 9)
= odl6.9)
= qudl6.3)=3

(e) Find a positive integer n such that 10" = 1 (mod 113)
(The number 113 is prime)

Answer: W2 ( F «QT)



(f) Evaluate ¢(130)
\30:25\3 Answer:
@ (30) = 1412

48

(g) Find an integer z, between 0 and 28 inclusive, such that
2?2 = —1 (mod 29). (You may wish to use the multiplica-

tion table on the last page.)
pnwen: (2 0F 17 (ontyonencsded)

‘.9
(h) Evaluate the Legendre symbol ( ,;: )
ol

(% ‘ (%) Answer. |

=1 )
(sine 31=Imodd & 37 5m0d8)

(i) Find a primitive root of 7.
PUWUMGQ Ty ™A Answer: 3 N 5 (dnl\j?:(
3. 32645 needed)
Zf “: 47 |
o g: 8§ 8§ &5 4a
&: 6 V.

(j) Find a number n, greater than 100, which is not a sum of
two squares (the number 0 is considered a square).

|02 (vnoma’ otha

Answer: ;
postible C\MWMS)

(20 points)



(2) Solve the following congruence.
123z =3 (mod 301)

Your answer should be in the form z = a (mod m), where a is
between 0 and m — 1 inclusive.

Evtended Euclidean dgeitam:

(201)
(\23)
fs5)= 30\ - 1(123) ]
= (123)- t(55
i = (5 (z3) ~2(301)
- [s51- “03]
e = 9-(30) -22(\2%)
N =- Lr:‘i\]z;\l"-tzséo\) ~36(300 + 38(123)
= 93 (23)-38(301)

So 93 o the inverse of \23 wodulo 301

93123x = 933 wipd 301

X = 2799 vasd 30!

(5 points)



(3) Solve the following pair of congruences.

z = 3 (mod 15)
z = 13 (mod 16)

Your answer should be a single congruence of the form
z = a (mod m), where a is between 0 and m — 1 inclusive

X=3+ 5k (For some keZ)

3+\5k = 13 mod 16
|5k =\0 wmod |b
~l= \D wod lb

Kk =-10 mod\b
zb wiodh b

= ¢ =6+ \bh (%‘sow ‘462)

- X = 3+ \g(é-l—\&h\
= 3+ 90+ 240k

=~

= 93 + L40h

X 293med 240

Alt solution:
= = 3 +ibk
= 13+ (bl =3 wmod IS
1ble =- 1D wwod S
('l 2 5mad\S
=y X =12 416(5+1Sh)
= |34 80 +240h
Te. %= 93wud240, (5 points)



(4) For each of the following four numbers (with factorization into
primes given), either write the number as a sum of two squares
or state that it is impossible to do so.

ot
(a) 962 =213 37 37 =6"+1

5 = =5 21337=(5-6+ )% (51~ 1]
13 =32 ) =30+ ]
= 213 = (13+12) * (12-13) otnen poss. answen [T

- 51+4\7.

(b) 1189 = 29 -41
29=547"
y\= 54t .
=5 29 4(= (35424 4 (54-25) —
= |33"+\01'l ot post.ans. |7°+30"| .

(c) 1725 =352 23
3 & 23 ane pivi = 3wodd octuning an odd vuwthes

oPHmer inthe privae Qac\onsc&jm
=) EMYOSSIBBJ

(d) 6137 = 17-192
|# =4+
o 719 (419)7* (119)"

(5 points)



(5) Prove that /7 is irrational

4 Suppost Per the salez of covivadichion thatJTe Q.
Then V7 = alb, wheu a,h an MVJﬂVc\L‘iP”‘W“
pOS\’c‘\Vc [w\‘e%ws (JF wna neduced Do 16%).

Thofer ot=Fh"

So ﬂc\?‘, hente ?\a (sviee 7 & pnwa,
Th.Me-B,n( % Pa.c\ 71[01, o
7w
= 7|b |
= 7|6 (un 7 pmm).

Truadou a hawe Fos o comimon Qaden,
whith & & cs\/\\-m&%dﬂm, <

The ypothents maust haw been Sabse; ‘\'Me%m,(
JT¢R.

A\\'.SO\WHOV\" A becaun 10 either one o even Hhen
Nove *:MC\ dt:b &ﬁiaﬁ\*h :l‘;;g e,v'cn; ‘since qui\&.b\ﬂ tha o \\MpDSSi\)l(_
%:3:\3 \::J}\MO‘Z}‘A“ ant =lmod 4, so al=3bt \\Mo\m 1=7 mod4,

; otitax crem

w\'\TL\/\ wa c

.

(5 points)



(6) (a) List all of the prime numbers between 70 and 100

71,73, 79, 83, 89.9%F.

(b) For which of these prime numbers p does z* = 5 (mod p)
have an integer solution z?

=5 wmodp has a sohion (_5‘5) eq
=» (-%):1 (quad . rececty,
wang 5 =1wndd)
= p=| o4 vaodS (Yhercau
the qued. nesidues wmod5),
So X'=5wodp hay a sohukion P p=7\,}9‘g£l but not

the othus.
(c) For which of these prime numbers p does »* = 3 [mod p) 4
have an integer solution z? : =
teg t A (_%-) IP p=ime q (Sime?»"}""‘“j
BLj quaab\aﬂzc /wc'\lv\oc\’rq, (p) = £ K%) P p=? wodd
So* (l)- Xz =3 MD&P has a soluhiom

).~ (3)= - (3)=- (=1
(k?‘): f(;-,}-): ' ("") =1 'Qm !Pz?l.?-S/S-Sl??}

loueh ot g athaa TWo.

1
(;?) = (331) . ('3—) =1 (5 points)



(7) You are trying to read a certain 5-digit number on a piece of
paper, but two of the digits are illegible. What you can read is
the following (the units and hundreds digits are illegible).

57 3

Fortunately, you know two facts about this number:
e It is divisible by both 4 and 9.
o All five digits are different.

Determine the number.

Let tredigph be A and B. Then the numben i
53030 +100A+8.

£37030+100A+B =0 windH

=y 248 =0 wedd
= B = 2 modH

so B o Zaob.
AR 53030 ¥ l0oA+R =0 wid 9
S“(ewpowwiﬁp \D ML1M0
\ 54—:}-\:"54-};-\-3 =0 wmod?
\5+A+B=—OW\0A9
A-\-BE-\S wioh
E'Sw\od
- =1
Sp 1P BT, then A= imodd . o A=l
\:\m\u? R=b.Fhen A=-3modd, 30 Ao b
Since A=B, they cant be 6. So A=l aud B=Z.

(5 points)



(8) Suppose that a,e, f, and m are positive integers such that the
following two congruences hold.

a® = 1 (mod m)
o/ = 1 (modm)

Prove that
afdlef) =1 (mod m)

By the Ewchdean adgoithm, thea ot integens U Lv st

eu-fv= qal(e,?).
uvwe ek wv oMt positive (otherwise swap
M .

ek D).

Thore Pou ° v PV*QCAL&Q)MBAM
= (a ‘5“—‘ (o1)" a* 4P modm
_-> s a‘b“w‘%mmyw‘

=) L;’g_‘i“\_“%mﬂm

(5 points)



(9) Solve the congruence
=5 (mod 29).

Your answer should be in the form z = a (mod m), where a is
between 0 and m — 1 inclusive.

(You may want to use the multiplication table on the last
page.)

Hint. The answer will be congruent to 5/ for a well-chosen
value of f.

B o wmod29, 505
= (&LQL'L” +MW X = X WAD ’
s A5 1:/\108 we want an e of 23 m0d 18-

A euchdean olgenithm:

P

(28)

(E?F (28 (3)

_ (13)-4(08)
2 " (S 23)-429)
1\ = 2.[3)-15)
- = \\(13‘)-9(23\* 5\\ .
levow that X 25 wwd b2
.Lgalmoc\l& <0 Wt |
(,()S: :Ztcc@ys\w. squaning’ (w) the Mol 19 . table)

g'=5 o [x=13modld]

555325
g4=2525=1b

(5 points)



(10) Consider the rather large number N = 253 (Note that this is
2 raised to the power 53%°, not 253 raised to the power 69.)
(a) Find the remainder when NV is divided by 4.

Z"lN since 536931. So | N=0wodd |

(b) Find the remainder when N is divided by 25.
@(‘LS) =20, so we con Das nedute 53% wmod10 (th('L,'LSF']).
SWV\-\{UAl\’. w(w\: 8 o we can eiﬂ’v M&U-Ct. 69 MOL‘ 8
£$=5wmod8, o 53892 53° mod 10
c3=i3med 20,50 albo 535 3Twd L0
Now. wiod 20.
13'=z-%
= 49=9

=94z \=
\\3‘ 2\';mo&w.

Thw £.53%= 3wd10, hence NEZ“\N\OAZS.

By suitemive squaning,

2'27 wedls 2% = =W =12 wod 1S

sl
%;f:?; L“L‘X% 2% 2 22047 = |F oS,
24z 64 = 4 wod TS $o ‘—N‘—; \7 moJlZEj,
z-\\

(c) From parts (a) and (b), deduce the last two digits (units
digit and tens digit) of N.

Fom (a), N=4dk Dor some e
Fom (B, 4l = 170075

Ul = 1917 wmodld
\9 q\t\ﬂ =(- G NE uls 723 od 1S

Hence N = d:13+ 25h) = 92+ 100k,
o N= 92 vaod 0D,

So Hae Jot Awo digth N

e [97].

(6 points)
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(11) Alice has a message m, encoded as a number between 0 and
28 inclusive, which she wishes to communicate to you using
ElGamal encryption®. As part of your secret key, you know the
following fact.

19 =6 (mod 29)
Alice has generated a number a, which she keeps secret, but she
guarantees that the following two congruences are true.
19° = 7 (mod 29)
m-6* = 10 (mod 29)
From this information, recover the number m.
(You may wish to use the multiplication table on the last

page.)
Hint. It is possible to compute m without computing the
number a.

Since b6 = 19'° 1k Pollows thak
62 = (l9‘°)a:—: (\9“)‘0 = 7%0d 19.
Ry sutt. squaning: (wingthe wukh, Fable)

7=1
o a7 274 wiod19.
?-7“"-12'3 152 6 S
7527[3-? : l{;q
o (b \bs
Thws :n-zqiwmu\w. Naw-(’mdamnvmxo{?zq mod29:
hus
gf)) ! wz 1310 wabd 19
(51= WM = 77wodlS (wningthechart)

[=5[51- (1) -
- 509)- 64
= 2_'-\~(-(3) =\ modld
ie. 24.23=| wod29. (7 points)

1You do not need any specific knowledge of ElGamal keys and encryption to
solve the problem; the three congruences given are enough to solve for m.

Aty soln: You cam Dind thad a=70 by quursing and chelivg
Then 62=6"=224 by suec. squarmg & poteed ar hebae



(12) Prove that the equation
a®+b*=3
has no rational solutions (i.e. there are no two rational numbers
a, b satisfying the equation).

Z, Suppost thad Jt4kt=3, whoe abe® Thew:
o= % b=;er ¢ decZ.
(we can Pnd acomwion denominate P a and ).

'-\

So 7
- %—;=3

9.,‘0
¢

et =340 (iwbegun)
+ 34°

T o o sum o) Two Squans. Bw ;
So —S-Qic\-o(sj:i& o P, confting '3 an.srozm w:«mo\)
\gp‘ﬂi‘\ﬂ (1 plus Iwite the numbe & Himes iroccun ,

Y“M N

¢, 34 cannet bea sunw o Fwo M’vewsq’um.
\009 Feameds theetews 60 sumis of two squanes;
0n G contiadichion . Z

(.e.

So atth =3 ha vo Aa\-xovm\ solutions.

(7 points)



