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Read This First!

NAME:

¢ Keep cell phones off and out of sight.
¢ Do not talk during the exam.

e You are allowed one page of notes, front and back. No other books, notes, calculators, cell
phones, communication devices of any sort, webpages, or other aids are permitted.

o Please read each question carefully. Show ALL work clearly in the space provided. There is
an extra page at the back for additional scratchwork.

o In order to receive full credit on a problem, solution methods must be complete, logical and
understandable.

Grading - For Instructor Use Only

Question: 1 2 3 4 Total
Points: 12 18 18 12 60

Score:




Math 350, Fall 2019 - Midterm 2

1. [12 points] Let G be a group, and N a normal subgroup such that [G : N] = m. Prove that
forallge G, g™ € N.

(Suggested poklewt 10:3.9 From Plet-8: @ sezclaus aoks from 10/29)

G/N » a aﬂoupof odn [(G:N=m.
By @ conllory of) Lagpangen theorwan,
¥Nge N, (Ng)'*™= &g,

ie. Ng"= Ne, fmall gea.

V3eG
Ry ¥he coseh citeion, " g™ € N, e, gMe®N

s dostred.
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2. [18 points] Let R denote the ring of all 2 x 2 matrices with real entries. Let S denote the

following subset of R.
S = {(g —fb) : a,bEZ}
{a) Prove that S is a subring of R.
npnemty: (32) €S
closwe undu~
o -Sb ¢ -4
V (b a ).\ (d ¢ ) 3 ga
o ~5b ¢ —Sd) _ ( (a-c) -9('3-&1) ¢S
(b a) T \d ¢/ \(-d (a-c) :
closun undu vk
Fon the samectwo elementss

A _;b)(c —§A) ac-5bd -Scla";b‘)
( b a A cC - bc.‘.a‘l -de*‘aﬁ
ac-sbd  -5{be +dd‘)
= e
(hcwd ac-Sbd
35 the wb‘ing witeaign, § » & &u(m‘ng of R.

(b) What element is the additive identity 0g? Does S has a multiplicative identity 1g?

0= (o ¢)

1 = (; \o) ($ d;g_m have a mulb. |'ol.),

(continued on reverse)
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3. [18 points] Let G be a finite group, and suppose that we have an action of G on a set Q.

{a) Suppose a € 2. Define the stabilizer Stabg(a) of a, and prove that it is a subgroup of G.

{ GeG:  g-ok= o},

0
o
o
)
=
)

eeStabg o Gnw' e-oh= o (one ofthe aviom
of a gnoup actien).

cloged undu mule.
¥ ghe Sehed thn  ged=heg=a.
S5 (@Ghca = g-(h-a)
= god
= o
hence ghe Sabg(al.

cosed undin invong
' f ge A = o
thee  g'e(ged) = g -2,

SO (9_‘9) * A = 6_‘01
=) e k= '3—"‘%
=) A= g"‘ ok,

ie. g7 € Sdabg .

So Mabeld) <G

(continued on reverse)
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(b) Suppose that |G| = 27 and || = 10. Prove that there exists at least one element o € {1
such that Stabg(a) = G.

Hint: use the fundamental counting principle.

By FcP, VxeSl wehave
| Qb = [ G Srelog )]
= 16| [ | tg)

hene 1G] divides V6L e 1+ muwrt equet
1,3 q, or 23

Z, Suppon ok WeSL Shabo(d) #6.
16

Then  VWxeSt, (G ¥} =# o =1,
o [Onbol =349, 00 LF
I pathedor O] » & mulbp of 3.

Sinwe Yo bib pantition JL, we can wnite
i1l ar a sumef mulh. of 3,

s 3|15, e jio. &

sp 3IxeL &k S+o\>c(v.l=G,_
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4. [11%011“73] Let R be a commutative ring with unity. Suppose that a € R satisfies a’? = a and
a R, lR-

(a) Prove that a is a zero-divisor.

Altemnadive Solution

T_n TN 2, Suppox o & nota

a"-=a => a-a=0r 3 M zao‘dwrwr-'”/unl
= ala-1g) =0r. i m__%ﬁ_m m

Sinte a#le, o-1g #0p. So both a s a-Tg| %A K1
ot onzen byt thea modu(} » Or. So béth a=1,
. a(ovrhdid'fm
o wew-divises.
(b) Define (a) = {ar : r € R} and (lé —a) = {(1g —a)r: 7 € R} as usual. Prove that the

map ¢ : R — (a) given by
o(r) =ar

is a ring homomorphism.
VF,SETZ. (_P(r-l-S\'—‘ \'6\(“‘3‘
1 af +as
@+l

L

i

and Cp((g) = afs

= otrs  (sinw a*=dl
= alar)s |
- a(rals  (sne R comm. )

= (ar)(as)
= QL)

S0 P B aNing homomutphum.

(V\/@ UMA ']2 CDmmU"'CL'HVC b((awl( (continued on reverse)
S we ndd a o commutew]ald reR).
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(c) Prove that R/ (1g — a) and (a) are isomorphic rings.
Suggestion: first prove that ker¢ = (15 — a).

Blj Fhe fund. thm. of Ning homommphiam,
Rllnp =M. ( = the hom ftom part (b).

é Notz that  imgp = { @ (0): reR}
= {ar: reR}
= .
So the noweth will follow From showing that ke = {ir-a)

Claml: lheaw S {g-a).
pe- If  releaw, then
ar = Og
= (lr-a)r
=y (lr-alt

0 CE <lfz,'ab (ﬂ‘ 7 (ln—a) +ima |-|1d-F)

Claim?2: (Ir-a@) € ke,
PE ¥ (lg-g)r € (r-c) we have
@( lir-adr) = allr-alr
=(alz ) r
=(a-alr
= O[z‘r
=0Rr
o (lr-a)r € lkrew,
Henee 1ndeed leen = {lr=a) & thus R/(hz—a) = (o




