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Read This First!

e Keep cell phones off and out of sight.

Do not talk during the exam.

You are allowed one page of notes, front and back. No other books, notes, calculators, cell

phones, communication devices of any sort, webpages, or other aids are permitted.
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Question:

Total

Points:

40

Score:

Please read each question carefully. Show ALL work clearly in the space provided. There is
an extra page at the back for additional scratchwork.

In order to receive full credit on a problem, solution methods must be complete, logical and
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1. [8 points| Let G, H be two groups. Prove that G x H is isomorphic to H x G.

Define - GxH— HxG by

Ohsere thot
p( (B,h) (3, ho)
e LP( (Q-%, ln.‘lm))
= (hbz, 0.9.)
= (h‘:@l) (ht, )

= P ((4.,h))p ((ge, b)) .
So  na (quep) homominphtan
o i soiechie, wince \Flhgle HeG, (h.gl=cp((ah),
p o injechw, Sinte
Q(fﬂl,hd) = (.Q((Qz,(m]] =2 Chl:qr)=(""«4t)
& Im':-hz g 9=9,
& (a,) = (92, hy)

So @ @ au isowghion, aud GxH 2= HxG,
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2. [8 points| Prove that if G is a cyclic group, then there exists a surjective group homomorphism
¢:Z - G.

let g bea Ww’rmoﬂ G.
Debine & Z—G by E,Ullzg".
This s a gpoup bom. sinee Vmw € £,
g (min) = d™'= g"g" = 2(m) ().
b swrjechie since \geG, €T of g'=g"
E o o)
0 Cj\: 2ln) € imeo.
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3. [8 points| | Let R be a ring, and a € R an element.

(a) Prove that if a is not a zero-divisor, and b, ¢ € R satisfiy ab = ac, then b = c.

i ab=ac, Hum
ah-ac=ac-ac
=0g
= alb-¢])=0r.
Sinee A Ean"'& ZD, i+ 'Fol[bw&'l‘haj' b—C-“-‘OfZ,
hnce b-c+¢c =0r +C
= b=<C

—_——e

as deiced.

(b) Prove that if a is a zero-divisor, then there exist two elements b,¢ € R with b # ¢ but
ab = ac.
Cnee a na 20, JbeR st b#F0z & ab=0r
(e+ ¢c=0r

Tlen ab= Oe= a0Or =ac,
buk  b#C since we amumed Hiok
b +0gp .
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4. (8 points| Suppose that G is an abelian group, and let H be the set of all elements of G with
finite order.

(a) Prove that H is a normal subgroup of G.

ulpgpoup
moc,loscd wndu vt if abel  tHhan TImned* w/

a™=b" = Lo Hume since G 0 abeliay,
CCIIO)MV‘ = amﬂ b"m = (ea)ﬂ(ea)mz ec. !
0 olak)[m = oldh) <o = abeH.

closune umdu vk :
i geH, Yhe Inel” s a’"=eq

Then (@)= (V' =7 =¢€q.
Kliril So  a ek an well
£ act & g€Ge FneZ" ska"=eq
So (gag)"= 9ag'9ag"g~ 9ag’= ga"q = 9¢:9'= e,

=€ =to So gag e H Gywell
=) H i» viowmelim 6.

(b) Prove that all elements of G/H besides the identity have infinite order.

i
Conidwn any elumad Hge G/, aud supposc i
hay e ordu. Then Fu et sk

(HgY" = Equ = Hes
=) Hg"= Hég

=N q"l eH

= Jmez" ¢ (8")"'= &g
= gnmz eG
=) olg<cen .

S infack g el win H, e, Hg =Heg
S e only elamat-of G/ of finite 0o
i the idodty elamod of GIH.
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5. [8 points| Let ¢ : R — S be a surjective ring homomorphism.
(a) Define ker ¢.

L(,?/ILQ — {XG’R : CO(X):OS}

(b) Prove that ker ¢ is an ideal of R.
nomm]fnesv @ (0e)=0s, 0 Og ey, So lew # &7
clowune undee —: TF Yyelane Higu
plx-y) = bl -ly) =05-05 =0,
0 ¥y elen.

¢ oy : b xé knw & a ek ‘hou
iy elax) = olaleld=@la)-Os = Os
& plxa) = ol plal=Os ¢lal= o

sa com
M_‘m‘aw so O &XO ontin ke on well
nlﬁﬁ (¢) Prove that if S is a liELllen ker ¢ is a maximal ideal of R.
By Hhe Lud.. Ham. 6 ning homs., since @ 00 swiechug

S = R/l
(We (Vloued\ ' clamHuok if T is comm wlunity, Haak
an ihid T is maxl 1§ RIT isafreld
Henee, since S i & Lrelp & Rlwwe=S, leace
wun-be a maxel ideal



