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MATH 350, Spring 2018 Justo diipont cranagy

Final Exam

1. (25 points) Determine whether each of the following statements are true or false. Circle
your answer. You do not need to explain your answer, but an incorrect answer with some
explanation may earn partial credit.

(a) U(10) is cyclic, where U(10) is the group of multiplicative units in Zo.
(we called Hin ~Zs).
(b) S,/A, is cyclic for all n € N.

(c) Let R be a ring. For all a,b,c € R with a # 0, if ab = ac and then b = c.

(d) All ideals in Z are principal.
Tz[X]/(XZ-(-X'l"l) (3 +\)

(e) - is a field, where {#t—9+2~+42+~—5) is the principal ideal

generated by

2. (20 points)

a) Consider the permutation 0 = (156)(134)"1(2546)(37)"!in S;.
(a) p

34X+

1. Find the order of o.

ii. Iso € A;?

(b) Suppose T € A7 such that

Then we must have 7(4) = and 7(b) = . Explain your answer.

(¢) Show S, is not abelian for each n > 3.
3. (20 points) Prove each of the following.

(a) If G is a group of order p* where p is prime then every proper subgroup of G is cyclic.
(b) Let ¢ : Zoy — Zg be a group homomorphism. If ker ¢ = {0, 8,16} then ¢ is surjective.

(c) If K is the kernel of the group homomorphism ¢ : G — H where |G| =6 and |H| = 10
then the order of K is 3 or 6.













































































































































































































































































































































4. (20 points) Let G be a group and let H be a subgroup such that 'y ~'zy € H for all
x,y € G.
(a) Prove that H is a normal subgroup of G.

(b) Prove that G/H is abelian.

5. (20 points) Let ¢ : R — S be a ring homomorphism. Let P be a prime ideal of S.
Recall, 971 (P) = {r € R| ¢(r) € P}.

(a) Prove that ¢—!(P) is an ideal of R.

(b) Prove that ¢~!(P) is a prime ideal of R.
6. (20 points) Consider [ = (22 + 4z + 2) € Z[z].
(a) Factor o + 4x + 2 into irreducible polynomials in Z;[x].

(b) Find a proper ideal J of Zz[z] such that I C J.
(c¢) Find a zero divisor in Zr[z]/I.

(d) Let g(z) = 2® + 2z — 1 find a polynomial r(z) € Z[z] with degree < 2 such that
g(z) + 1 =r(x)+ I (Hint: think about what it means for g(z) + I = r(x) + I).

7. (25 points) Give an example of each of the following or explain why none ex-

ists.

(a) Two groups of order 5 which are not isomorphic.
(b) A commutative ring with unity that is not an integral domain.

We courned the~(€) A prime ideal that is not maximal.
idean
%(‘i:f‘“w% WTWO different factorizations for 2 + x in Zg[x| (this means neither factor in one factor-

thin typeot I""b""‘ ization is a unit multiple of either factor in the other).
You may fearn ome-
thing om it, but

lhdsfab (e) A root of z* — 2 in@.\ <Z/5
































































































































































































































































































































































































