Math 250 Spring 2025 Midterm 2 practice

Below is a collection of practice problems for midterm 2, many of which are borrowed from
previous exams in similar courses. At students’ request, I’ve provided a large collection of problems
beyond a single practice exam. If you want to try a “model exam,” you can use the first six
problems for this purpose.

1. When the students in a classroom divide into groups of nine, there are four students left over.
When the students break into groups of eleven, there is one student left over. Assuming that
there are fewer than 100 students in the room, how many students must there be?

1 = 4wmod 9

n = | wmodll D<M <9

n= 49k whoe
4+9k = \wod I\
(=) 9l = -3wodl\.
Need an o oP 9 erodulo :

(7)=(W-(9)
(11=(9)-4d(2] = (9) =4 (1) = 4(9)
=5(9)-4d()
=Y 5-9=| wiod |l .

Thw
91 = -3 wmod \\
(=) 59« = -S3 moci\|

u
)

(= W =-15 =Fmodll.

So n=4+9-(F+ \\-\.\) = Y463+ 994

t.e. N=67m0d99.

Tmm@?s\‘u&mfa, wnee n ¢ (00.
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2. What is the remainder when 10'%0 is divided by 19?7

ch(\o,\9)=| & 19w i 50 by Fomals LitHe Heswm.

Wethod 1
\0' =10
\()15 \00=S
01z5%z5=b
103= 4's36=-12
=105 0% 10"
=-25=-10
= 9motl\9

Usng ang method, 10°°=10°= 9 mod 19
So the ILQMQIV\JM Q)@_

% _ 0% 10°= (10'%)°. 10

= 10"%0dl9

Method L

Compute 10 tothew erponae th

(m Ao ondan):
10,54 2,1
10'= 10
I0'=z \0056S
10¥=z25=6
1052602603
10°= 3* = Imod\d

Y thod 3
Tunt mu,“‘ b\, 10 b R

10‘=10
(0= 10025
10¥250= 11
o%= (20 =6
oS =60 =3
106<30= 1
6720215
\082\S0¢e\}
10°s\70=18
105180 <9,
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3. (a) How many numbers between 1 and 1500 inclusive are relatively prime to 1500 (that is,
share no common factors besides 1 with 1500)?

@(1500) = ¢p(35-246Y = ¢p(213 §Y)
= (4-0(3-1)(125-25)
-

(b) Find the sum of all positive divisors of 1500.

e(1son= ¢ 2")@(2)0‘(5-‘) @ in multipheafive)

= (2rus g)(R)(1+5+25t 129)

- [B5S) e i

(c) Find the remainder when 14932092 is divided by 1500.

Eulens thm:
2001 =Zwod @(1S00) and  qcd(1493, I500)

= q‘d(‘gwa?)=1
= W93 = 1493 madiS00
Now oo 1493 = (-})wed 500
0 1493 = (-1 = 49 medISO.

The aemasinde & [49_
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4. Prove that there are infinitely many prime numbers p such that p =3 (mod 4).

Suppde 3, Pr P Prane T cuth pima,

Lex A= HpPePr +9 .
Then Az=3 mod4, YA (nu Z/MP;"PH)

anid P.*A fin i‘-’l,Z,“-‘r-a
ginig Prt3

Now, @k Dyant one. ime Yastn q DA b =3modl
dnie othowise all & =|modA (po7c 10 2 ot 0700

doce A odd) & A=l mod4.
5 q h @ pimL =3 mod4 othn theon Z/P’,"'}PI‘—/‘

There e we can alwayy Pod me mne wudh icre
e thow ae infinitely many.
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Since this is a fact that was proved in class, you should not simply cite the theorem from class,
but rather give a proof. This is true for any other exam problems that ask you to prove a fact

that was proved in class.

5. Let n > 2 be an integer such that p = %(3” — 1) is prime. Prove that n is also prime.

4 Suppoee thak n i ok prime. Thee n=ab dir some a bzl

Now,

3~

=22 = (3%

i dwisible by 3 by He Packizdbion

@) (@Y )% 2.

Sinte 3%lia ovem, Z(3-) ban (integur) diwnol 2.

Since

%
&

- | <i(3%Y<z ).

o 4 divioon of 5@ ek ot | o2 tiel].
1(3V) it prime. 2
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6. Suppose that p is a prime number, and a,b are integers such that e,(a) = 2 and e,(b) = 3.
Prove that e,(ab) = 6.

%&BP n o) oder, we have
al , a=! modp
s b2, pzl, b=l medp.

Faom thid+ gsllows +hat
@by = qt6% = 131z | malp
sD pr?b)lé (&‘mc.g a=l & epla\ln).

This meam nduy one & 423, 076

Now, (ab)?' _ A= b"':%'l_‘ modp
3 _ 3 3_ a-al-b
& (ab) = b = ol = Q $| MDAPr

i abo coritbe 1, ohuwise ab=1molp,
which would wply (ab)=1 , oo.

So My 0"\@ po&&‘;l)i/ifg in that ep(@b)=6.
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You can treat the first six problems as a “model exam.” The remaining problems below are for

additional practice.

7. Suppose that Bob’s RSA public key is (33,13). Alice sends Bob the cipher text ¢ = 8. What

was Alice’s plain text?
(Recall that if s is Alice’s plain text, then she computes the cipher text ¢ by computing the

remainder when s'? is divided by 33.)

@(3) = @(3 W)= (3-1)-(1-1) = 20.

Desphening exponent: wwvense of 13 wiod 20.

(20)
(\3)
(7)= (20)-(3)

161=()- (71 = 2:(3)+20)
(1) = 13)-[6) = 2:(20)-3. ().

So the e i =3 o |17wod20.

TIWu.?aua Suct. squamnq:

3'=8
s = "wmed 33 8tz 84:=-1
= 3'7 84z (-1)"=
- 83= 1o

8% 3156=68=-3
Q1 388 = (-8)82-64 = 2mad33

So Phe swu.i' w @
Alk. solutioa Gl CRT).
Gl sq;mahk'- sudt. 5a. wod I\: now, s\nce
$ 7z §rmadd 8's3 ) :-i—%\”\fja
5§z Bwadd (Fend 85 6ue b ¢
& <n f::n ot g 1:4 iLaloun b, CR T +nak
5 &= 3%z S =2mal33
ond 13 gmalWh 973 us2 = '
> ¥z §rmodU (Femat) 50 $=2modll

& =8 modll
(sinte 7 3=lwedel)
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8. Suppose that a, e, f, and m are positive integers such that the following two congruences hold.

[y}

(mod m)

s

1
1

Q

(mod m)

Prove that
a®d®) =1 (mod m).

B’j“‘l Eu(.\\&lﬂ.ﬂ OJ‘D‘!“\M e one in&%u“ u LV ob.
eu-fvs= qto\(e.?).

W amut thak UV ant postive (othenwrse swap
e can :

& e owd D).
Thene Qau . aeu _ ap.v\- qdk.v)mga m
(o) = (o?)" o %P 1 odm
=) =
1u - 1\/. aga\(e.”moam
=> =
= 1=a qulled wiodW)
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9. Let d(n) denote the number of divisors of n, including 1 and n. For example:

d(10) = 4 (the divisors are 1,2,5,10)

d(17) = 2 (the divisors are 1,17)

d(24) = 8 (the divisors are 1,2,3,4,6,8,12,24)
You may assume the following fact: if gcd(m,n) = 1, then d(mn) = d(m)d(n) (I encourage you
to try to prove it, but you don’t need to do it now).

(a) Find a formula for d(p"*), where p is prime and k > 1.

The dvirew ane (.v.\>L pl< , thew an k Lthem.
\d(#‘)= l<+!]

(b) Compute d(91000).
91000 = 9l 10°= 7.13-2%.5°
o d(91000) =43)A3) 4 (z*) A(SY)
= %1144

(c) Give a simple criterion to tell whether d(n) is even or odd.
e @,

WP = prprtp® (p. o os dished prmed
thew  dnl= (eH)(e,+ ) (egt).

Hence An) & 0dd & ewvny enponent €, w exen
=Y n o led squan.

Squones have an 04 auwhvn o duuison,
mun—sq#wwwcom enen v\uw.\».oPeL Wi

é“‘ SQ\U\'\.W\‘ ony d\V\\SU’l A hM Q 'poa\w,\' Y\M The d\'lll-) ANILOI
tak s ids oum podnerin Jn (11K ov inteys)).

So iP Mt a squane Aln) & even (divhanane paifcd up 1 m«p\.ﬂ
buk (P wasquanethon S o i over aPethia pasning-off.
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10. Short answer questions. You do not need to show any work. Several questions have
multiple possible answers; you only need to give one.

(a) Compute the greatest common divisor of 77 and 91.

9l-77=1H
- 5HD Avowee: T

M-27=0

(b) Find a perfect number (that is, a positive number which is equal to twice the sum of all
of its divisors, including 1 and itself).

Anwer. O (a0 28 496,¢k)

(c) Find the smallest positive number of the form 15z 4 39y, where x and y are integers (pos-
itive or negative).

qcd\1S,39) 3

(d) Find a positive integer n such that 10" =1 (mod 113). (The number 113 is prime)

Avwer W12 (FAT)

(e) Evaluate ¢(130).

(\30)- -4-12

(f) Find a primitive root of 7.

powomot 2: 2 4 I Arewer: 3 1 S (mni*d)

" 2
#e

64
t..
Ty,

(- I P
bl ¥ 1

ong e
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11. Solve the congruence
2 =5 (mod 29).

Your answer should be in the form z = a (mod m), where a is between 0 and m — 1 inclusive.

(You may want to use the multiplication table on the last page.)

Hint. The answer will be congruent to 5/ for a well-chosen value of f.

'ezx.

vl 429, oS
- Jeo2®), then Y =X mModes
¥ i L:,\’ZOB we wantan invery of 23w0d 13-

uchdsam algonithm

- ~4(S)
] - (slas)-ﬂm
0\ = 2-133-15)
_ w(2)- 9 . 9
|wodl8 so We Lnow thd x =5 wod 19.

(] +he 029 ol Tl
S0 b( = \3 mm)\7.9)

So =
Une sec@mlve squantng:
| =

g’-;-ss.s =25
5‘4 = ZSZS =\b
gs = lb's =1L
5|o = 27_7’1 =10
s"ss50=1\3

11
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12. Consider the rather large number N = 253 (Note that this is 2 raised to the power 53%°, not

253 raised to the power 69.)

(a) Find the remainder when N is divided by 4.

ZIN e S3%h1 Se

(b) Find the remainder when N is divided by 25.

NEOMMWJ,

15)=120, 0 we can B34 adute 535 mod 20 (gual225)21).
::;(«M @) =b. 0 we com Rac\ acduie 69 modlb

3
95 6wodb, 50 $3%z 53° mod20
5632\3'”’ 20, so olro S35 35 mad W0
Now, Mo«!'fo. .
g2
“%‘" 92:{\!\
4 )
‘\S"-’-Bmol'w.

Thws £5.538%2 Bmod0 hence N =72%m0a2S

By sultemivk squaning

2% 2 Y = 12) wod?S

2'el mdls T

%:i} :.f-zs 2" 2 224 = [FwwdlS.

Z‘ab‘lzlq\'ﬂ“\'lg So ‘NE\? mon';’,
£-\

(c) From parts (a) and (b), deduce the last two digits (units digit and tens digit) of N.

(8= 8= 13 ek 1S

Feom () N=du Do some e
F\'O\“‘\ (u, L“‘ < \-;'-YV\DA—ZQ.
194 = 9\ wnod 25
w =
Hence

NEIGHYAS: 2Sh) = 92+ (00

e N= 9L wod 10D.

o e fasr dwo drph N

12 ane

[97]
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13. (a) Let p be an odd prime (i.e. a prime besides 2), and k be a positive integer. Prove that if
a’? =1 (mod p¥), then either a =1 (mod p*) or a = —1 (mod p¥).

o =1\ YY\OAPL‘ =y (a+\)Na-)=0 modpl‘
(= o%|las)o-0.

Now, since a+\ ¢ a-| ds Pl by 2, avd p2Z, P cam
dinde 0¥ vt one of (a4)(a-1), and p* or Aelachiel,
pume 1o the othen (since the omly possible commm it
facken @ p).

M%m,w\‘lrck@vmop at\a-l o din. by p w
in Bt Auis. by P4 Henee

sither  Play o plla-)
0. e)«‘\'\(M a=-\ W\QAP\‘ 0 a=) moa()\\
o dured.

(b) Find all integers a between 1 and 63 inclusive such that a? = 1 (mod 64).

6"(:26, avw? P"’7 s0 004\ (O\Jsm’rapph, Likein (c)

we wunt haw 6‘4((a~\\)(a-\), but vow both a+l &a-l
will be even . AY wmol o Oy &A\h‘).\n.,‘l, Viowxuen, S0 o
§440 diude (aa-1), it & necemanry (and suf gient) Por

32 Yo dwide one P atl,a<l (s 7 will auhwzdndi,,

dwnds $he other)
Tredsne at=(madbd =) a= tlmod31.
The possitle a m - (1,2, 63 ane [l. 31,35, and b3

13
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14. The number 2 is a primitive root modulo 29 (you may assume this without proof). If it is
useful, you may use the modulo 29 multiplication table provided at the back of the packet.

(a) Prove eg(4) = 14.
Obsuve that P k=112, 13, we hawe

gh = 2% £ | modp
gnte 0<2k<28 & YA'S o theorderol 2.

But ffﬂ o= 1.
M= 2% =) modp (FUT. &0 waing o1de, of 2=28).
o q‘,u—,l—lsélrw&p Z.Hmslmwlp =D & hey 6rdse 1M,

(b) State, with proof, a specific number a € {1,--- ,28} with order 7 modulo 29.

Let a=1b ,, . .

Thea & =2° S GG, a ax 2,271
whith argell £lmud 28 since e.4(2) =28,

bk QG = 2%%=) moet 29.

%‘0 €4 (a) =t.

(c) Give an example of another primitve root modulo 29. You do not need to prove that your
answer is correct; just state the number and how you obtained it.

Let g= % =22

$ince %edll&w-t)ﬂ, thar v a ﬁv){mifhv(
oot (MWM m a homuworh ynobft/m).

14
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Multiplication table modulo 29:

[o[1 ]2 3[4 [5]6 |7 [8 9 [10]11][12][13][14[15[16[17[18[19[20[21[22][23[24[25]26][27[28]
0foJo Jo o Jo [o Jo [o Jo Jo o [o [o [o [o o o Jo Jo o0 o [o [o o oo oo o0
1jo|1 |2 3[4 [5 |6 |7 [8 [9 |10 |11 [12 |13 [14 |15 |16 |17 [18 19 |20 |21 |22 [23 |24 |25 [26 |27 28
2(0]2 |4 6 |8 |10[12]14]16|18 |20 |22 |24 [26 |28 |1 |3 [5 |7 9 |11 |13 |15 |17 |19 |21 |23 |25 27
3[[0]3 |6 9 |12|15]18]21[24|27|1 [4 |7 [10[13 |16 |19 [22[25 28 |2 |5 [8 [1l |14 |17 [20 |23 26
4[0]4 [8 12[16]20[24 28 |3 |7 |11 |15[19[23 |27 |2 |6 |10 |14 18[22 |26 |1 |5 |9 [13 |17 |21 25
505 [10 15/20[25|1 [6 |[11]16[21 |26 |2 |7 |12 |17 |22 |27 |3 8 |13 |18 23|28 [4 [9 |14 |19 24
606 [12 18[24]1 13[19(25|2 [8 [14[20 (263 [9 |15 |21 27 [4 [10 |16 |22 |28 |5 |11 |17 23
7]0|7 |14 21|28|6 |13|20|27|5 |12 |19 |26 |4 |11 |18 |25 |3 |10 17 |24 |2 |9 |16 |23 |1 |8 |15 22
8[ 08 |16 243 |11[19[27[6 |14 |22 |1 |9 [17[25 |4 [12 /20|28 7 [15|23 |2 |10 |18 |26 |5 |13 21
909 |18 277 |16[25|5 [14|23|3 [12 |21 [1 [10 |19 |28 [8 [17 26 |6 |15 [24 [4 |13 |22 |2 |11 20
10/0[10[20 1 |11]21|2 [12|22|3 |13 |23 |4 [14 |24 |5 |15[25 |6 16|26 |7 |17 [27 |8 [18 |28 |9 19
11[[0[11]22 4 [15]26[8 |19|1 |[12[23 |5 |16 [27 |9 [20 |2 [13[24 6 |17 |28 [10[21 |3 |14 [25 [7 18
1201224 7 [19]2 [14|26|9 [21|4 |16 |28 |11 [23 |6 |18 |1 |13 25 |8 |20 |3 [15|27 |10 [22|5 17
13/ 01326 10[23|7 [20]4 [17[1 |14 [27[11 [24[8 |21 |5 |18 |2 15|28 |12 |25 |9 [22[6 |19 |3 16
14 (/01428 1327[12]26|11[25[10]24 |9 [23 |8 |22 |7 |21 |6 |20 5 [19[4 [18 3 |17 |2 |16 |1 15
15[0[15]1 16[2 [17[3 |18|4 [19]5 |20 |6 [21 |7 [22|8 [23[9 24|10 |25 [11[26 1227 [13[28 14
160163 196 [22]9 |[25|12|28 |15 |2 |18 |5 |21 |8 |24 |11 |27 14 |1 [17 |4 |20 |7 |23 |10 |26 13
17[[0[17]5 22[10|27[15|3 |20|8 [25 |13 |1 [18 |6 |23 |11 [28[16 4 [21 |9 [26[14 |2 [19 |7 |24 12
180187 25|14|3 [21/10|28[17|6 |24 [13[2 |20 (9 |27 [16|5 23 [121 |19 |8 |26 |15 |4 |22 1I
19[0[19]9 28[18|8 [27|17|7 [26[16 |6 |25 [15|5 |24 |14 [4 [23 13 [3 |22 [12]2 |21 |1l [1 [20 10
2002011 2 [22[13[4 [24]15|6 |26 17 [8 |28 |19 [10 |1 |21 |12 3 [23 |14 |5 |25 |16 |7 |27 [18 9
21| 0[21[13 5 [26[18]10[2 [23[15]7 [28[20 |12 |4 [25 |17 |9 |1 22[14|6 |27 |19 [11[3 [24[16 8
22 0[22/15 8 |1 [23[16(9 |2 |[24[17 [10 |3 |25 |18 |11 [4 [26 |19 12 |5 [27[20 |13 |6 |28 |21 |14 7
23 0[23|17 11|5 |28[22|16[10|4 |27 [21 [15|9 |3 |26 |20 [14[8 2 [25|19 |13 |7 |1 [24 |18 |12 6
2402419 14|19 |4 |28 /23|18 13|8 |3 |27 |22 |17 |12 |7 |2 |26 21|16 |11 |6 |1 |25|20 |15 |10 5
2502521 17[13[9 [5 |1 [26[22[18 [14[10 |6 |2 |27 |23 [19 |15 11 |7 |3 [28|24[20[16 [12[8 4
26 0[26]23 2017|1411 5 (2 |28[25[22[19[16 |13 [10 |7 |4 1 |27 |24 |21 [18[15|12[9 |6 3
2702725 23]21[19[17 |15 13119 |7 [5 |3 |1 [2826 |24 |22 20|18 |16 |14 [12[10[8 |6 [4 2
28 [0 [28]27 26|25[24]23[22]21[20[19 [18 |17 |16 |15 [14 |13 [12 |11 10[9 |8 [7 [6 |5 [4 [3 [2 1

15



