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Read This First!

The exam uses both sides of the page.
Keep cell phones off and out of sight.
Do not talk during the exam.

You are allowed one page of notes, front and back. No other books, notes, calculators, com-
puters, cell phones, communication devices of any sort, webpages, or other aids are permitted.

Show ALL work clearly in the space provided or on the blank pages.

In order to receive full credit on a problem. solution methods must be complete, logical and
understandable.

You may use any tactic, and cite any library theorem. that we have used in class or on the
problem sets, except where the theorem is essentially the statement you are asked to prove.
If you do not remember the exact name of a theorem, state clearly what it says.

Write Lean code as you would type it. Small slips in syntax will cost you little or nothing,
as long as your meaning is clear. All Lean code assumes import Mathlib.
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1. Write each of the following statements in Lean. You do not need to prove them.

(a) [3 points] The only natural numbers dividing 31 are 1 and 31.

Vd;w) Azt — d=1 v d=21

(b) [3 points] Not every integer is equal to a difference of two perfect squares.

"Wn:z) Aab:z), n=a*2-hbr2

(c) [3 points] For every positive real number €. there exists a positive real number = such that
1
= L.
x

V(@TUQ))@O—? 3(%0’2)) >0 A UUx< g

(next problem on reverse)
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2. [6 points] Complete the following proof, by filling in the steps of the calc block. Do not use
linarith in this problem; deduce the result from simpler techniques. You may use linarith on
all later problems of the exam, however.

theorem linear_system (x y : Q) (hl : y + 2 > 7) (h2 : x - 3%y > 5) :
x > 20 := by
calc
-- Complete the proof from here

X = (X”%*@) +5*(1d+2> ‘8_6 b= by/”'”f}
7 6 +34F 6 = byrellhiny
— = 20 '»:log NoO M-y

3. Consider the following incomplete proof.
example (y : R) (hy : Vx : R, x72 - 2%x > y) : y < -1 := by
specialize hy 1
-- PART A: tactic state here?
-—- PART B: complete the proof from here
(a) [3 points] What is the tactic state at the line marked PART A?

% g“.uq
l’)g'- l'\Z"Z-\”{ 7/g

Fooy<-

(b) [3 points] Complete the proof from that point (it is possible to do this in one line).

linanith

<

R cale
y ¢ 112-2x1 ::bﬂ exgicthy

I

~ = -1 »= by NoM-Um
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4. Suppose that the tactic state is currently

ab: Z
ha : 0dd a
hb : Even b

F 0dd (3 * a + b)

and you then type the following two lines.

obtain (k, hk) := ha
obtain (1, hl) := hb

(a) [3 points] What is the tactic state now?

a b L
2
k
hle» o= 2%k
L:Z
e b=R+L

- odd (Zra +b)

(b) [6 points] Complete the proof.

ure 2k +4+1
rw [hiht]
/‘Y/CV\g = li:ﬂ&(lU’\ abyo worles .

S chatch

Zath = 2(2htl) + 28
Lle42Q +2+1
= 2( 31+ 0F 1)<

(next problem on reverse)
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5. Consider the following incomplete proof.

example (n : Z) : = 2 |n — =4 | n :=by
intro h2
contrapose! h2 with h4
-- PART A: tactic state here?
-- PART B: complete the proof from here

(a) [3 points] What is the tactic state at the line marked PART A?

e 2
hd = 41n
Fo2n

(b) [3 points] Complete the proof.

obtain e hly »= hH

use 2rk
rw Lhk] can abo wye (arith
(‘m% V) p/&c& ol theyetw Lines
\
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6. [9 points] Prove the following theorem. (This fact may well be in Mathlib under some name,
but do not try to guess it: prove it using the techniques we have used in class.)

Hint: in the forward direction, it may help to prove the equation (z —y) * (x +y) = 0 as a
hypothesis.

theorem equal_squares {x y : R} : x™2 =y"2 & x =y V x = -y := by

consyructor
inko b -= he =yt

have hi: Gey)rlxey) =0 5= by

cale
(a)4lvry) =x12-ynT :=bying

— = UYAZ-yal :=by Aw Lh]

=, O @ ?’ij /")l/]%

oblain dff0 Isum0 >= Yt mult. eqzeno.mp hi
.| —— diff0r x-u =0

| e

linanith
o \—/- sUmO - S-biy =

night

linanith

o \‘/\Jrfo " ~= A N =l 87 X=-Y

obtain eg leqmnus 2= h
o -~ eq: Y=Y

aw (eq]

cing —- o1 rEL o1 otherns will work

— - aﬁlmmwx? X =Y
rw [egminm]

rf/\ﬁ

(next problem on reverse)
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7. [9 points] Prove the following lemma. (Suggestion: use induction.)

lemma pow_ineq (n : N) : 3°n > 1 + 2#n := by

induckom” n with n hn

o 1—— F 3% |=2-0
NOI - VUM

-~ ind Sjrfp . hne 3y, | a - 2A(N4) 2 K2 h)

cale
Za(n+t) = 34340 = by Aing
_ 7 3-(1#2%n) = by mel [hn]
_ = |+ 2-n#1)+4tn =hy ning
B v, 1+ 2-(nh) 2= by linaxith

S
Vi con aloo @@fva 9-Line poool i Fhe incluhie sty

Aing - furwy  2r(nH) info 3 ¥ 34N
inaaith  [hnl == chains 371+ rn}b%/%ﬁad
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8. Counsider the sequence defined by ag = 2, a; = 4, and
Gnt2 = 4apy1 — 3a,  for n > 0.

(a) [3 points] Define this sequence in Lean, as a function a : N — Z.

o(éﬁ e (n:IN) o 27 s= makch n with

e
| ©=5 %
|1 =>4

| ¥ => dx (e (on) —3*(a n)

(b) [6 points] Prove the following lemma in Lean, by filling in the three cases below.

lemma a_formula (n : N) : an=31n+1 := by
match n with
| 0 =>
rw Lad
L M-NUM
| 1 =>
vw la]
nofmonym
n+ 2 =>
rwial

fW[Q-ﬁo/m%(&\ n, a-ﬁo{mu(g (V)H)J
—— Qoal nowi b/*(g“(ml)—r])*—%*(@m +1) =3 (nr2)t!

ng

(next problem on reverse)
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9. [9 points] Suppose you have already proved the following lemma.

theorem pos_case (mn : Z) (hn : n > 0) : m"2 # 5 * n"2 := by
-- Proof omitted. You may assume it is done correctly.

(Notice that, unlike in a similar question on Quiz 2, the lemma pos_case makes no assumption
about the sign of m.)

Using it, prove the following theorem.

theorem no_soln (mn : Z) (hn : n # 0) : m"2 # 5 * n"2 := by

b(j._ca/ﬁ% l/m?sVl>O

o] exack pus-case m tn hn

. hoave hm'i (W)>0 3= by
| Aimanith omege

W

have helpp: m # 546

W)AZ % = )99
\ exock pos-cont M (-n) nn’

contrapostt helpee with h A
—- vow h: m=5 0t b m® = 5% ()2
sw [hl

/u‘n%

I e

pr sol'1 can wnt w/0(9 s tead of bg-w/w)) eg:

anoth
\/\/ng l/)"))"VDO
. haye hn's (n)>0 =by lineeith L (bylinani)
howe helper »= Bs=tesse this m Cn) hn’ e ole hypothes
contrapose! helper with h () %0
aw [h]
(M%

exact pos_cone m n hn



